Abstract: In the paper optimization of the motorcycle rear suspension mechanism is presented. The introduction of a four-bar linkage in the classic rear suspension system, composed of a large fork made up of two trailing arms with two spring damper units, one on each side, inclined at a certain angle with respect to the swinging arm, makes it easier to obtain the desired damping and stiffness characteristics of the suspension system. The geometric parameters of the four-bar linkage (Uni-Trak® design of Kawasaki) are used in the paper as the design variables, which are optimized to obtain desired damping characteristics of the rear suspension system. It enables avoiding hitting suspension bumper stops which causes rider's discomfort and also excessive dynamic loads effecting motorcycle parts. Optimization toolbox for use with MATLAB (sequential quadratic programming) and also genetic algorithms were applied to solve the optimization problem. The analysis of numerical results shows that a possibility of varying just one geometric parameter of the four-bar linkage enables tuning the suspension system to different kinds of uneven roads (with different stochastic characteristics).
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introduction
From a dynamics point of view a motorcycle with suspension can be considered as a rigid body connected to the wheels with elastic and damping elements (front and rare suspension). The rigid body constitutes the sprung mass (composed of chassis, engine, steering head and rider). while the wheels and masses attached to them constitute the unsprung masses [1] . The degree of required comfort varies according to the use of the motorcycle. For example, in the case of racing motorcycles, comfort is less important than its capacity to keep the wheels in contact with the ground and assure the desired trim. In off-road motorcycles the suspension system isolates the sprung mass from impacts generated by motorcycle jumps.
Problem of damping, types of hydraulic dampers and their characteristics, testing of dampers and other advanced problems are comprehensively described in [3] . In [7] a grey-box model of a racing motorcycle mono-tube shock absorber is proposed, which consists of a nonlinear parametric model and a black-box neural-network-based model. The absorber model has been implemented in a numerical simulation environment, and validated against experimental test data. Simulation and experimental validation of motorcycle dynamic characteristics for displacement-sensitive shock absorber using fluid-flow modelling is presented in [8] . In [9] preloaded liquid spring/damper based shock isolation systems suitable for heavy load military applications are investigated taking into account coupled hydrodynamic and thermodynamic phenomena. Sharma and Limbeer in [10] and [17] present a design methodology for the suspension system of a novel aerodynamically efficient motorcycle. The influence of compliant chassis components on motorcycle dynamics is detailed in [11] . Dynamics of turn behaviours of motorcycles is studied in [12] and [13] . Problems of motorcycle lateral dynamics, steering and traction are presented in [14] , [18] and [20] . Rider's effects on the motion of a motorcycle are presented in papers [15] , [16] and [19] . Optimization of passive vehicle suspension systems for improving the ride comfort is investigated e.g. in [21] .
In the following chapters of the paper optimization of the motorcycle rear suspension mechanism will be presented. As design variables the geometric parameters of the four-bar linkage (added to the classic rear suspension system) are used. The objective functions express the desired progressive characteristics of the passive hydraulic damper. Geometric constraint on the four-bar linkage (enabling its feasibility) is taken into account. Numerical realization of the kinematic analysis and optimization was carried out in Matlab [2] , [5] , [6] and also in Working Model 2D [4] . For example motorcycle Kawasaki Ninja ZX-6R ABS is equipped with such a four-bar mechanism (UniTrak® design of Kawasaki). The entire motorcycle is presented in Fig. 1 and its four-bar linkage suspension mechanism can be seen in Fig. 2. 
Kinematic analysis of the rear suspension mechanism
The kinematic scheme of the rear suspension system illustrating the connectivity of links and joints of the system is shown in Fig. 3 . The suspension system is composed of the classic swinging arm (2) with the rear wheel at its right end (not drawn in the figure), the spring-damper unit (5) and the rocker (4) which together with the conecting rod (3), the swinging arm (2) and the chassis (1) form the four-bar linkage (Unitrak design of Kawasaki). The spring-damper unit (5) is inserted between the motorcycle chassis (1) and the rocker (4) at its point E.
In the classic suspension system the introduction of a linkage in the rear suspension system makes it easier to obtain desired damping and stiffness characteristics. These linkages are generally based on the four-bar linkage. They differ only in the different attachment points of the spring damper unit which can be inserted between the chassis and the rocker (Uni-Trak® design of Kawasaki), between the connecting rod and the chassis (Pro_ link design of Honda) or between the swinging arm and the rocker (Full Floater design of Suzuki). There exist also other different designs (Yamaha, Elf Honda GP, Morbidell 500 C), see e.g. [3] .
Kinematic analysis of the rear suspension mechanism in Fig. 3 consists in determining the motion of the point E, because the position of the point F on the chassis is fixed. It will enable determining the rate of compression of the damper inserted between the point E and F and also determining the damping force. The input motion is uniform circular motion of the swinging arm (2) around point A (at constant angular velocity w2). The distances between individual points will be denoted by a single letter xi: AB′≡x1, B′B≡x2, BC≡x5, DC≡x6, CE′≡x3 and E′E≡x4, see Fig.3 . These variables will be used in optimization as the geometric design variables.
To solve the problem of kinematic analysis the vector method will be used. The polygon A-B′-B-C-D-D′-A can be assigned to the kinematic scheme of the rear suspension in Fig. 3 : sin cos sin sin DD 0.
Two scalar conditions (in the directions of x and y axes, Fig. 3 ) can be written from the vector equation (1) v a bt where a, b and c are specified constants. The swinging arm (2) gets from its initial position to its final in time T which is determined by the following equation
The above two equations are nonlinear algebraic equations which will be solved for the unknown angle variables j3 and j4 using Matlab. The input angle variable j2 is given in the form (uniform circular motion of the swinging arm) where w2 is the constant angular velocity of the swinging arm (2), Fig. 3 . The distances D A  and DD are supposed to be specified variables (design considerations).
After solving the angle variables j3 and j4 from eqs. (2) and (3) the following equations can be where the coordinates of the point F are supposed to be given (at the motorcycle chassis).
formulation of the optimization problem
As already mentioned, the optimization task consists in finding the optimal values of the design variables xi (described in the previous chapter) which ensure the desired damping characteristic of the hydraulic damper. The optimum course of the damper compression will have the following linear and quadratic progressive forms The objective function of the optimization problem (see e.g. [22] , [23] ) can now be formulated in the form (the same for both desired progressive velocities of damper compression (8a) and (8b)) where nact is the actual velocity of damper compression and nd is the required velocity of damper compression.
In order to ensure feasibility of the four-bar linkage in the rear suspension the following constraint has to be taken into account where BDmin is a safety length. This inequality must be fulfilled in the whole interval of the swinging arm motion.
results of optimization
The following variables are specified: w2 = 2 rad/s … swinging arm angular velocity, f2i = 80° … swinging arm initial position, coordinates of the point F, see Fig. 3 . Table 1 gives the search intervals for the design variables of the optimization problems and also optimization results for both variants -with linear and also quadratic required damper compression velocity.
The value of the objective function was fop =2.13x10 -7 (for linear required damper velocity) and fop = 8.76x10 -6 (for quadratic required damper velocity). The constraints were fulfilled in the whole interval of the swinging arm motion.
For numerical optimization genetic algorithms [6] and also deterministic optimization function fmincon based on sequential quadratic programming [5] were used. Genetic algorithms were proved to be more reliable in finding the global optimum of the optimization problem. Optimal dimensions of the four-bar linkage in the rear motorcycle suspension system were used to model the suspension mechanism in the computer programme Working Model 2D [4] . The results of modelling proved corectness of the results obtained by Matlab.
Analysis of the dependence of the actual velocity of damper compression on the swinging arm angular displacement j2 showed a possibility to control this dependence by varying just one geometric parameter. For example by varying the parameter x1 ( ) AB′ , Fig. 3 , different dependences of the damper compression velocity can be obtained, Fig. 5 . Decreasing the parameter x1 leads to increasing the damper compression velocity and consequently to increasing damping force and on the contrary. 
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